We give an explicit construction of a positive-definite invariant inner-product for the Klein-Gordon fields, thus solving the old problem of the probability interpretation of Klein-Gordon fields without having to restrict to the subspaces of the positive-frequency solutions. Our method has a much wider domain of application and enjoys a remarkable uniqueness property. We explore its consequences for the solutions of the Wheeler-DeWitt equation associated with the FRW-massive-real-scalar-field models.
others [6, 7] , or use the Wheeler-DeWitt field to define a conditional probability [8, 9] . During the past three decades these partial solutions have been extensively studied and improved.
Yet a general and consistent interpretation of the wave function of the universe is still lacking [1, 2, 9, 3] . 1 The widely accepted justification for the failure to formulate such an interpretation is that the Wheeler-DeWitt equation is essentially a Klein-Gordon equation in the superspace and a general, explicit, and completely satisfactory probability interpretation for the latter has not been possible. The purpose of this paper is to provide a genuine solution for this problem.
It involves the use of the recent results on pseudo-Hermitian Hamiltonians [11, 12, 13, 14] to construct an invariant positive-definite inner product for the Klein-Gordon fields.
In the following we first recall the basic properties of pseudo-Hermitian Hamiltonians and then discuss their relevance to the problem of the probability interpretation of the Klein-Gordon and Wheeler-DeWitt fields.
First, we recall that given a linear, Hermitian, invertible operator η : H → H acting on a
Hilbert space H with inner product | , | η : H 2 → C defined by
is a possibly indefinite inner product [15] (a pseudo-inner product) on H.
A linear operator H : H → H is said to be pseudo-Hermitian [11] if there is a linear, Hermitian, invertible operator η : H → H satisfying
A pseudo-Hermitian operator together with a given operator η satisfying (2) is said to be η-pseudo-Hermitian.
The term 'pseudo-Hermitian' was introduced in [11] . But it turns out that mathematicians [16] had developed similar concepts in the study of vector spaces with an indefinite metric, and Pauli [17] had made use of these concepts in his study of a formulation of the quantum electrodynamics due to Dirac [18] . Note however that there is an important difference between the approach pursued in the context of spaces with an indefinite metric including Pauli's contribution and the point of view adopted in [11] . While in the former one considers a space with a given η, in the latter one formulates the concept of pseudo-Hermiticity without having to specify a particular η. In fact, as emphasized in [14] for a given pseudo-Hermitian Hamiltonian, η is not unique.
The basic properties of pseudo-Hermitian operators are the following [11, 12, 13] .
Theorem I: H is η-pseudo-Hermitian if and only if it is Hermitian with respect to the pseudo-inner product | η , i.e., for all ψ 1 , ψ 2 ∈ H, ψ 1 |Hψ 2 η = Hψ 1 |ψ 2 η .
Theorem II: Let H be the Hamiltonian of a quantum system and η be a linear, Hermitian, invertible operator. Suppose that η is time-independent, then H is η-pseudo-Hermitian if and only if the pseudo-inner product | η is a dynamical invariant. That is given any two solutions ψ 1 (t) and ψ 2 (t) of the Schrödinger equation, i dψ/dt = Hψ, ψ 1 (t)|ψ 2 (t) η does not depend on time. If η depends on time, the pseudo-Hermiticity of H implies
Theorem III: Suppose H is a diagonalizable Hamiltonian with a discrete spectrum.
Then the following are equivalent. 1. The eigenvalues of H are either real or come in complex-conjugate pairs. In this case we shall say that H has a pseudo-real spectrum;
2. H is pseudo-Hermitian; 3. H admits an antilinear symmetry generated by an invertible antilinear operator X , i.e., [H, X ] = 0. [19] , in this case H is said to be quasi-Hermitian; 4. H is Hermitian with respect to a positive-definite inner product.
As elucidated in [14] , for a given pseudo-Hermitian diagonalizable Hamiltonian H the linear, Hermitian, invertible operators η that make H η-pseudo-Hermitian are, up to the choice of the eigenbasis of H, classified by a set of signs σ n 0 ; η has the general form
where n 0 , n+ and n− are spectral labels associated with eigenvalues with zero, positive, and negative imaginary parts, and |φ n , with n = n 0 , n+, n−, are the eigenvectors of H † that together with the eigenvectors |ψ n of H form a complete biorthonormal system, i.e., they
Furthermore, observe that in view of (4) and (5), we have ψ n 0 |ψ n 0 η = σ n 0 , and ψ n± |ψ n± η = 0. Therefore, the eigenvectors with complex eigenvalues have zero pseudo-norm; they are null vectors. Furthermore, the choice σ n 0 = + for all n 0 implies that the (square of) pseudo-norms of all the basis vectors |ψ n are nonnegative. This in turn means that the inner product | η is positive-semi-definite, [16] . In particular, if the spectrum is real this choice for the signs σ n 0 yields a positive-definite inner product | η . This is precisely the inner product whose existence is ensured by Theorem IV.
Here and also in [11, 12, 13, 14] we have given the relevant formulas for the cases that the spectrum of H is discrete. As noted in [13] , the presence of a continuous part of the spectrum does not cause any serious problems. If the spectrum is continuous, we treat the spectral label n as a continuous variable, replace the summations with integrations, and change the Kronecker deltas to Dirac deltas. Now, consider the Klein-Gordon equation
where a dot means a derivative with respect to x 0 := c t, c is the velocity of light, µ := m c/ , and m is the mass of the Klein-Gordon field ψ : R 3+1 → C. We can express (6) in the form
where D := −∇ 2 + µ 2 . Now, introducing the two-component state vector Ψ and the (effective)
Hamiltonian H,
with λ being an arbitrary nonzero real parameter, we may express the Klein-Gordon equation in the Schrödinger form iΨ = HΨ, [20, 21] . It is not difficult to solve the eigenvalue problem for the Hamiltonian H, [22] . The eigenvectors Ψ k and the corresponding eigenvalues E k are given by
where
The Hamiltonian H of (8) is not Hermitian with respect to the L 2 inner-product on the space of two-component state vectors. It is however easy to check that H is σ 3 -pseudo-Hermitian where σ 3 is the Pauli matrix diag(1, −1). In view of Theorem III, the pseudo-Hermiticity of H was to be expected as it is diagonalizable and has a real spectrum. The pseudo-inner product , σ 3 is nothing but the well-known Klein-Gordon inner product [20] , for one can easily check
Here the two-component state vectors Ψ i are related to one-component state vectors ψ i according to (8) . The invariance of the Klein-Gordon innerproduct may therefore be viewed as a manifestation of Theorem II. The much more interesting observation is that according to Theorem IV, H must be η + -pseudo-Hermitian for a positive
The corresponding pseudo-inner product is in fact a positive-definite inner product. Then according to Theorems I and II, H is Hermitian with respect to this new positive-definite inner product and that this inner product is invariant provided that η + does not depend on time.
Having obtained the eigenvectors Ψ k , we can easily compute the biorthonormal dual vectors Φ k and use (4) to obtain the positive operator:
This in turn implies
where we have denoted the L 2 -inner product on the space of two-component state vectors by | , made use of the first equation in (8) and (10), and introduced the inner product (( , )) on the set of solutions of the Klein-Gordon equation (6) . As seen from (11), (( , )) is a positivedefinite inner-product. Furthermore, according to (10) η + is time-independent. Therefore, in view of Theorem II, | η + and consequently (( , )) are dynamical invariants.
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One can perform the Fourier integral in (11) and obtain
where G( u) := − sinh(µ| u|)/(4π| u|). It is not difficult to see that according to (11) ,
where ψ 1 |ψ 2 := dx 3 ψ 1 ( x, t) * ψ 2 ( x, t). Eq. (13) may also be established using (10) directly.
The expression (13) for the inner-product (( , )) is quite convenient as it is manifestly positivedefinite and invariant; taking the time-derivative of the right-hand side of (13) and using the Klein-Gordon equation (6) one finds zero.
One can also use (13) to study the nonrelativistic limit of ((ψ 1 , ψ 2 ) ). Following the wellknown treatment of the nonrelativistic limit of the Klein-Gordon fields [21] , one can show that in this limit the second term on the right-hand side of (13) becomes identical with the first term, and ((ψ 1 , ψ 2 )) ≈ ψ 1 |ψ 2 . Hence, the nonrelativistic limit of (( , )) is the L 2 -inner-product of the nonrelativistic quantum mechanics. This is a clear indication (besides the invariance and positivity properties) that one can use the inner-product (( , )) to devise a probability interpretation for the Klein-Gordon fields. Next, consider the Wheeler-DeWitt equation for the FRW minisuperspace model with a real massive scalar field,
where α := ln a, a is the scale factor, ϕ is a real scalar field of mass m, κ = −1, 0, 1 determines whether the FRW model describes an open, flat, or closed universe, respectively, and we have chosen a particularly simple factor ordering and the natural units, [9, 3] . The Wheeler-DeWitt equation (14) is clearly a Klein-Gordon equation in 1 + 1 dimensions. It can be written in the form (7), if we identify a derivative with respect to α by a dot and let
In view of this identification we shall take α as the time-coordinate. Moreover, we can use (8) to obtain a two-component formulation for the Wheeler-DeWitt equation (14) . The eigenvectors Ψ n± of the corresponding effective Hamiltonian H and the corresponding eigenvalues E n± are given by [23] 
where n = 0, 1, 2, · · · , φ n := ϕ|n = N n H n (m 1/2 e 3α/2 ϕ) e −m e 3α ϕ 2 /2 , H n are Hermite polynomials, and N n := [m e 3α /(π2 2n n! 2 )] 1/4 are normalization constants.
As seen from (16), the spectrum of H is discrete and pseudo-real. 5 Hence according to Theorem III, it is pseudo-Hermitian [11] . In fact, one can directly check that it is σ 3 -pseudoHermitian. The indefinite inner-product , σ 3 is the invariant Klein-Gordon inner product that is often used in the probability interpretation of the semiclassical Wheeler-DeWitt fields [5, 6, 7, 25] . Also note that for the open and flat universes the spectrum of H is real. Therefore, H is η + -pseudo-Hermitian for a positive η + of the form (10) where D is given by (15) . Following the above treatment of the Klein-Gordon equation, we can use this η + to obtain a positivedefinite inner product on the space of the Wheeler-DeWitt fields. The latter is given by Eq. (13) where the L 2 -inner product has the form ψ 1 |ψ 2 := For the cases that the spectrum is real, we can follow the statement of Theorem IV to perform a similarity transformation to map the effective Hamiltonian to a Hamiltonian that is Hermitian in the L 2 -inner product on the space of two-component state vectors, i.e., C 2 ⊗L 2 (R). This is in complete analogy with the case of Klein-Gordon equation (6) . However, there is an important distinction between the Klein-Gordon equation (6) and the Wheeler-DeWitt equation (14), namely that for the latter equation the operators D and η + are 'time-dependent.' This in particular means that the associated positive inner product (( , )) is not invariant. Instead, as a consequence of (3) or alternatively (13) and (7), it satisfies,
In summary, we constructed an essentially unique positive-definite invariant inner product for Klein-Gordon fields. This inner product obviously depends on the particular splitting of space and time and in this sense is not relativistically covariant. However, for a given reference frame and the corresponding splitting of space and time it provides a genuine probability interpretation for Klein-Gordon fields with the correct nonrelativistic limit. The application of This in turn implies that a probability interpretation based on the above constructed innerproduct will violate unitarity. This violation is however quite mild. The situation is very similar to the ordinary nonrelativistic quantum mechanics of a particle moving in a manifold with a time-dependent geometry. For such a system the Hermiticity of the Hamiltonian is not sufficient for the unitarity of the evolution, and the violation of the unitarity has the same origin as for the above Wheeler-DeWitt equation. Therefore, a probability interpretation for the Wheeler-DeWitt fields that is based on the inner-product (( , )) is as valid as the ordinary probability interpretation for nonrelativistic quantum mechanics for systems with a time-dependent configuration space.
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Our proposal for the probability interpretation of Klein-Gordon fields involves a nonlocal probability density. As every solution of the Klein-Gordon equation is uniquely determined by a pair of initial conditions which correspond to a point in the space of two-component state vectors, any attempt to construct an inner product on the space of solutions involves endowing the space of two-component state vectors with an inner product. This justifies the role played by the two-component state vectors in our construction. It also suggests that in view of the uniqueness property of η + and the correponding positive-definite inner product [14] , the nonlocality of the probability density is a consequence of the very nature of the field equation as well as the requirements of the positivity of the probability and the unitarity of the evolution.
As shown in [22, 26] , the two-component form of the Klein-Gordon equation may be easily generalized to arbitrary (possibly nonstationary) curved backgrounds. Therefore, the method proposed in this article has a much wider domain of application than the free Klein-Gordon fields in Minkowski background or the Wheeler-DeWitt fields for the simple FRW models considered here. We leave a more comprehensive study of these applications in particular in connection with quantum cosmology for a future publication.
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6 One possible resolution of the problem of the above unitary violation is to use the conditional probability approach.
